Abstract. Eigenfunctions and eigenvalues of the free magnetic Schrödinger operator, describing a spinless particle confined to an infinite layer of fixed width, 
Introduction
By generalizing the definition of canonical coherent states, CS for short, Gazeau and Klauder [9] proposed a method to construct temporally stable CS for a quantum system with one degree of freedom. Since then, the method has been successfully applied to different quantum systems [2, 8] . As an extension of [9] , a method was presented to build CS for systems with several degrees of freedom [16] . Motivated from the recent interest on temporally stable coherent states, we present in this article four different classes of CS using the spectrum of the free magnetic Schrödinger operator (1.1)
where A is the magnetic vector potential, e is the charge of the particle, c is the speed of light, and P = −i ∇ with being the Planck's constant divided by 2π. By constructing CS for the operator H 0 we also demonstrate the method proposed in [16] and analyze the temporal stability and action identity conditions for the multidimensional case. These features were excluded from the discussion of [16] .
The article is organized as follows. In Section 2, we introduce the detailed description of the free magnetic Schrödinger operator (1.1), exploring its spectrum and the eigenvectors. In Section 3 we realize the eigenfunctions of Section 2 as an orthonormal basis of a Hilbert space. For the sake of completeness in Section 4 we discuss the definition of Gazeau-Klauder CS. In Section 5, associated with the spectrum of (1.1), two classes of CS with one degree of freedom are constructed. In Section 6, two classes of CS with two degrees of freedom are constructed. In Section 7, detail classification of the dynamical algebra is provided. In section 8 we explicitely calculate the quantum statistical quantities associated to the CS.
the free magnetic Schrödinger operator
Consider Consequently, a spinless quantum particle confined to the layer is described by the free magnetic Schrödinger operator (2.2) In the absence of an additional interaction, the operator H 0 can be written as (2.
3) If we define the cyclotron frequency ω c = − e|B| M c , then (2.5)
we can easily find that the differential equation satisfied by χ(z) and obeying bound-
Note that the case of n = 0 correspondence to χ 0 (z) = 0 is physically insignificant. The corresponding eigenvalues are
This solution is usually ignored in most of the research on such problems [8, 10, 16] on account of the interest being confined to the motion of the particle in the plane at right angles to the magnetic field.
On the other hand the differential equation satisfied by ψ(r, θ) describes a twodimensional particle in the perpendicular homogeneous field in the circular gauge.
Seting ψ(r, θ) = φ(r)e ilθ with l an integer, one can easily show after some algebraic calculations, that the differential equation satisfied by numbers. The eigenvalue condition yields the Landau levels
and the eigenfunctions become
where N ml is a normalization constant and 1 F 1 is the confluent hypergeometric function defined by
The Pochhammer symbol (a) k is defined by (a) 0 = 1 and (a) k = a(a + 1)(a + 2) . . . (a + k − 1) for k = 1, 2, 3, . . . , and may be expressed in terms of the Gamma function by (a) k = Γ(a + k)/Γ(a), when a is not a negative integer −m. In the
The normalization constant N ml follows out of the inner product relation (2.10)
This yields
and by means of the identities (2.11)
we readily conclude that {ψ ml (r, θ)} is indeed an orthonormal set with respect to the measure rdrdθ where 0 ≤ θ < 2π. Finally, the spectrum of the free Hamiltonian
We immediately observe that the energy levels ǫ ml for positive l, yield
For l negative or zero, we have |l| + l = 0 which cause the infinite degeneracy of Landau levels ǫ ml . Thereby the spectrum (2.12) becomes (2.14)
This particular expression of the spectrum was the starting point of the interesting study of Exner and Nemcova [6] concerning the spectral properties of a Hamiltonian describing the motion of a spinless quantum particle confined to an infinite planar layer with hard walls and interacting with a periodic lattice of point perturbations as well as in a homogeneous magnetic field perpendicular to the layer. They remark therein that the spectrum (2.14) is nondegenerate if the ratio of the coefficients |B| and π 2 /d 2 is irrational [7] . We shall claim this in the next section.
For simplicity we may assume hereafter that e = = 2M = c = 1, and hence we summarize the situation as follows. For each n = 0, 1, 2, . . . there is an orthonormal set of wavefunctions Ψ mln (r, θ, z) ≡ ψ ml (r, θ)χ n (z), eigensolutions for the Hamiltonian H 0 , given by
Density Argument
Making use of the tensor product concept immediately preceeding, we lump the 
where
with m = 0, 1, 2, . . . and l = 0, ±1, ±2, . . . is an orthonormal system of the Hilbert Since the linear hull [18] (L.H. 
we obtain, by means of Lebesgue dominated convergence theorem [20] applied in terms of the following inequality
for all m = 0, 1, 2, . . . . We arrive at this conclusion by means of analytic continuation of the fact that the immediate preceeding holomorphic function takes on the value 0 if |s| < |B| 4
. We make the substitution r = √ t, and thus achieve
Utilizing the uniqueness of Laplace transform [3] , we conclude that 
which follows directly from
Thus it becomes clear that
with dµ(r, θ) = rdrdθ, which follows from the Tonelli-Hobson theorem [21] , we may conclude without loss of generality that
We consequently have for r ∈ E with Ψ(r,
Because this holds for almost all r ∈ [0, ∞), it follows that
We shall also consider the case where |l| + l = 0, where in this case the spectrum takes the form
We fix l = 0 for the wavefunction ψ mnl of (2.15). In this case ψ mnl := ψ mn can be written as ψ mn = φ m ⊗ χ n where 
From (2.11) we have
Proof. If we have two pairs (m, n) and (m
is a rational number. To prove
we have after taking suitable linear combination of the orthonormal set
2 φ(r)dr = 0; for all m = 0, 1, 2, ....
By a further linear combination of (3.1) and by means of the Lebesgue dominated convergence theorem applied to
. By letting r = √ t we have
. Uniqueness of the Laplace transform yields
and consequetly
one can prove for each fixed l < 0 that the spectrum E(m, n) is non-degenerate and the set of vectors {ψ mnl : m = 0, 1, 2, ...; n = 0, 1, 2, ...; l fixed and < 0} is an orthonormal basis of the subspace
Gazeau-Klauder coherent states
In this section, we introduce the general features of Gazeau-Klauder CS. Let H be a Hamiltonian with a bounded below discrete spectrum {e m } ∞ m=0 and it has been adjusted so that H ≥ 0. Further assume that the eigenvalues e m are non-degenerate and arranged in increasing order e 0 < e 1 < e 2 .... For such a Hamiltonian, a class of CS was suggested by Gazeau and Klauder [9] , the so-called Gazeau-Klauder coherent states (GKCS for short), as
is the set of eigenfunctions of the Hamiltonian and ρ(m) = e 1 e 2 . . . e m = e m !. In order to be GKCS the states (4.1) need to satisfy the following: 
and the commutators take the form
The algebra generated by the operators {a, a † , n} and its deformations (up to isomorphisms) serve as a dynamical algebra of the Hamiltonian.
In [16] the definition (4.1) was generalized to multi-dimensions as (4.7) | n 1 , ..., n r−1 , J r , α r n 1 , ..., n r−1 , J r , α r | dµ(J r , α r ) = I n 1 ,n 2 ,..n r−1 .
For the multi-dimensional case, if one takes ρ j (n) = ρ j (n 1 , n 2 , ..., n j ) and e j (n) = e j (n 1 , n 2 , ..., n j ) we can associate multiple degrees of freedom:
.., J r ; n 1 , ..., n j−1 ). If ρ j and e j are independent of n k , k < j then the states (4.8) may give us simple tensor product of states. For the states (4.8) a resolution of the identity takes the following form:
where λ j , j = 1, 2, ..., r are positive weight functions. For the multi-dimensional case, the temporal stability and the action identity can also be added. We will discuss these issues through the problem of this paper in Section 6.
In the following sections, when l = 0 we derive temporally stable CS for the Hamiltonian H 0 with the spectrum E(m, n) on the subspace
and hence, we may consider the Hilbert space
] to which it is isomorphic. Therefore, the action of the Hamiltonian
Hereafter we refer the Hilbert space
the state Hilbert space of the Hamiltonian H 0 for l = 0.
The GKCS studied in [8] for the Landau levels may be regarded as a set of GKCS constructed in the absence of n and l from the spectrum E(m, l, n) of (2.12). The GK-like CS (in the terminology of [16] ) studied in [16] can be taken as a class of CS for the spectrum E(m, l, n) in the absence of n.
CS with one degree of freedom
We introduce two classes of temporally stable CS with the form (4.6) for the spectrum (3.2), by first fixing n followed by another class where m is fixed. In both cases the orthonormal basis is denoted by the same symbol ψ m,n . However, it should be clear that in each case the other index is fixed and the vectors ψ m,n belong to the corresponding subspace of the state Hilbert space
For sake of simplicity |B| := B.
5.1.
When n is fixed. Here we discuss a class of temporally stable CS for the first degree of freedom (the freedom through m). Since the energy spectrum of the Landau problem is E m = B(2m + 1), the following set of CS can also be considered as a set of CS with a forward shift of the Landau levels. Further, the construction also serves as a preparatory step of the formation of CS for two degrees of freedom.
Let ρ(m) = E(1, n)E(2, n)...E(m, n)
where E(m, n) is given by (3.2). We have
Let us study the following class of vectors
The normalization condition J, α, n | J, α, n = 1 yields
which converges for all J > 0. For a resolution of the identity, let −∞ < α < ∞ and set a measure
The knowledge of the equations (4.2) and (4.7) leads to
where we employed the identity . For the temporal stability, since for fixed n H 0 ψ m,n = E(m, n)ψ m,n , m = 0, 1, 2, ... and e −iE(m,n)α e −iH 0 t ψ m,n = e −iE(m,n)α e −iE(m,n)t ψ m,n = e −iE(m,n)(α+t) ψ m,n we have
Thus the states | J, α, n form a set of temporally stable CS. Since E(0, n) = 0 the action identity cannot be obtained. The overlap of two states takes the form
Remark 5.1.
• In (5.1) instead of taking ρ(m) = E(1, n) . . . E(m, n) if we take ρ(m) = e(1, m) . . . e(m, n) with e(m, n) = E(m, n) − E(0, n) then we can have 0 = e(0, n) < e(1, n)... and thereby we can have a set of GKCS. In this case, • The spectrum of the isotonic oscillator
is e m = 2(2m + γ) where γ = 1 + 
and β is the complex conjugate of β. Note that, the product (β) n (β) n is a real positive number. Consider the set of vectors
The normalization factor N (J, m) is obtained, by demanding J, α, m | J, α, m = 1, in the following form.
which is a real positive function and defined for all J ≥ 0. For J > 0 and −∞ < α < ∞ set
For a resolution of the identity, we have
if there is a density λ(J) to satisfy
, where K is the modified Bessel function of the third kind of imaginary order [4] and may be regarded as the kernel of the Kontorovich-Lebedev transform [15] in the light of (5.8). The temporal stability follows similar to the previous case.
Thus we have a set of temporally stable CS without the action identity. As in the previous case, when α = α ′ the overlap of two states takes the form
• Let E n = E(m, n) − E(m, 0). In (5.5) if we replace the ρ(n) = E(m, 1)...E(m, n) by ρ(n) = E 1 ...E n = n!(n + 2)!/2 we can have the action identity and thereby a class of GKCS. In this case the normalization factor takes the form
and a resolution of the identity can be obtained with the
which is given in terms of the MeijerG-function (see [14] , pp. 303, formula (37)).
• A class of GKCS for the infinite well potential with the spectrum e n = n(n + 2) is given in [2] . When d = π the above class of CS can be considered as a class of temporally stable CS for the infinite well with a forward shift of the spectrum.
In this case the state Hilbert space has to be replaced by the Hilbert space of the infinite well.
CS with two degrees of freedom
In this section we present two different classes of CS with two degrees of freedom in the form (4.8). In the first case, we present a class of CS as a tensor product of two classes of states by setting ρ 1 , ρ 2 , e 1 and e 2 independent. In the second case, within the multiple sum, by letting one sum depends on the other through ρ 1 , ρ 2 , e 1 and e 2 , we present a class of CS where the resulting CS cannot be considered as a tensor product of two states. Further, both classes are considered as temporally stable CS for the Hamiltonian H 0 with the spectrum E(m, n).
6.1. When summations are independent. Let e m = B(2m
..e m = e m !, and ρ 2 (n) = ǫ 1 ǫ 2 ...ǫ n = ǫ n !. Thus
The set of vectors under consideration is as follows:
and
For J 1 , J 2 ∈ (0, ∞) and −∞ < α 1 , α 2 < ∞, let us assume that the measure
The weight functions λ 1 (J 1 ) and λ 2 (J 2 ) will be chosen to satisfy a resolution of the identity. In this case, we have
under the assumption that the densities λ 1 (J 1 ) and λ 2 (J 2 ) are such that
The density
, satisfies (6.3) and the density
where K 0 is the modified Bessel function of order 0, will prove (6.4). Since ψ m,n = φ m ⊗ χ n and H 0 ψ m,n = E(m, n)ψ m,n we have
Therefore, we have
and thereby
Thus the states | J 1 , J 2 , α 1 , α 2 are temporally stable.
Remark 6.1.
• Since H 0 φ m ⊗ χ n = (e m + ǫ n )φ m ⊗ χ n , even under the assumption e 0 = ǫ 0 = 0 (i.e, even if we shift the spectrum backward), we cannot have the action identity. Therefore, we only have a set of temporally stable CS.
• If we shift e m and ǫ n backward by e 0 and ǫ 0 we get e m = e m − e 0 = 2Bm and ǫ n = ǫ n − ǫ 0 = π 2 n(n + 2)/d 2 and thereby ρ 1 (m) = e 1 ... e m = 2 m B m m! and
). In (6.1) when we replace ρ 1 (m), ρ 2 (n), e m and ǫ n by ρ 1 (m), ρ 2 (n), e m and ǫ n we get
.
In this case, a resolution of the identity is obtained with the measure
The temporal stability follows easily. Consider the following set of vectors
In order to obtain the normalization factor let us compute the norm of the vector
By (5.6) we have
Thus, we have
which converges for all
if there are densities λ 1 (J 1 ) and λ 2 (J 2 , m) such that
Then (6.8) reduces to (6.9)
If we combine (6.3) and (6.4) we can have (6.9). Thus we have a resolution of the identity. By the same argument of subsection 6.1 we have
Remark 6.2.
• Instead of defining the states as in (6.5), if we define them as (notice that the change will not affect the calculations preceding this remark; thereby the following class of vectors also forms a set of CS)
we can have
Still we have the temporal stability, but only the second part of the states evolve with time. In this case, if we shift the spectrum so that E(m, 0) = 0 we can have an action identity in the following sense:
• If we shift e m and E(m, n) backward by e 0 and E(m, 0) we get e m = e m −e 0 = 2Bm
which is the same case considered in Remark 6.1.
Dynamical algebra
In this section we discuss the dynamical algebra associated to each set of temporally stable states of the previous sections. Here we follow the operator structure developed in Section 4. That is, we follow the annihilation, creation and the number operators of (4.3). 
Thus the dynamical algebra is isomorphic to the Weyl-Heisenberg algebra, g w-h . To get the exact commutation relations of the Weyl-Heisenberg algebra one can define a new set of operators as follows.
In terms of these new operators one gets, As it was done in [2] , let us define a new set of operators
With these new operators we obtain a 2 χ n = √ ǫ n χ n−1 , a † 2 χ n = √ ǫ n+1 χ n+1 , n 2 χ n = ǫ n χ n . Thus the dynamical algebra is isomorphic to g w-h . To get the exact commutation relations of g w-h one can define a new set of operators as follows.
In terms of these new operators one gets,
CS m is considered as a constant we are in the exact situation of subsection 7.2.
Thus the algebra generated by a 2 , a † 2 , n 2 is isomorphic to the algebra su(1, 1). The rest of the details follows from the subsection 7.3.
Statistical quantities
Quantum revivals are associated to wave functions. A revival of a wave function occurs when a wave function evolve in time to a state closely reproducing its initial form. Further the weighting distribution is crucial for understanding the temporal behavior of the wave function. In the case of the states (4.1), the probability of finding the state η m in the state | J, α is given by
A quantitative estimate is given by the so-called Mandel parameter, 
